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\S 1.
$\Gamma$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ . $\mathfrak{M}_{k}(\Gamma)$ $k(k\in \mathbb{Z})$ $\Gamma$
. (
[17], [13], [4] .) ,
$\dim \mathfrak{M}_{k}(\Gamma)<\infty$ , $\forall k$ ,
$\dim \mathfrak{M}_{k}(\Gamma)=0$ , if $k<0$
.
$\mathfrak{B}\iota(\mathrm{r})=\oplus k\infty=0^{\mathfrak{M}_{k(\Gamma}})$
$\Gamma$ ( $\mathbb{C}$ algebra) .
$\mathfrak{M}(\mathrm{S}\mathrm{L}(2, \mathbb{Z}))=\mathbb{C}[E_{4}, E_{6}]$
( , $E_{6}$ 4, 6 Eisenstein series , ,
$\mathbb{C}[E_{4}, E_{6}]$ ) .
$\Phi(\Gamma):=\sum^{\infty}(\mathrm{d}k=0\mathrm{i}\mathrm{m}\mathfrak{M}k(\Gamma))\cdot t^{k}$





: $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\Gamma$ (r)
. ( , 2
.)
.
1. $\mathfrak{M}(\Gamma)=\mathbb{C}[f1, f_{2}]$ . $fi,$ $f_{2}$
$\mathbb{C}[fi, f_{2}]$ . weight $fi\leq \mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}f_{2}$ .
$\Gamma$ .
$(a)$ $(b)$ $(c)$ $(d)$ $(e)$ $(f$
weight of $f_{1}$ 4 2 2 1 1 1
weight of $f_{2}$ 6 4 2 3 2 1
$|\mathrm{S}\mathrm{L}(2, \mathbb{Z}):\Gamma|$ 1 3 6 8 12 $2^{z}$
the number of such $\Gamma$







$\Gamma\subset \mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\overline{\Gamma}=\Gamma\cdot\{\pm 1\}/\{\pm 1\}\subset \mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ . ,
.
$[\mu=|\mathrm{p}\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ : $\overline{\Gamma}|$ . $(\text{ _{ }}$ $|\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ : $\Gamma|=\{2\mu\mu \mathrm{i}\{\mathrm{i}\mathrm{f}$ $-1\in \mathrm{r}-1\not\in \mathrm{r})$
$\nu_{2}=$ the number of inequivalent elliptic points of order 2
$\nu_{3}=$ the number of $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}\mathrm{a}-\iota \mathrm{e}\mathrm{n}\mathrm{t}$ elliptic points of order 3
$t=\nu_{\infty}=$ the number of inequivalent cusps




, $-1\not\in\Gamma$ , $\Gamma$ cusp $x\in \mathbb{H}$ regular, irregular (
[17], [13] ). $\sigma(x)=\infty,$ $\sigma\in \mathrm{S}\mathrm{L}(2,\mathbb{R})$
$\sigma \text{ _{}\sigma^{-1}}=\{\pm|m\in \mathbb{Z}\}$
$-1\not\in\Gamma$
. cusp $x$ regular irregular .
$u=$ the number of inequivalent regular cusps
$v=$ the number of inequivalent irregular cusps
. $t=u+v$ .
, $\dim \mathfrak{M}_{k}(\Gamma)(k\geq 2)$





$k=$ even $\geq 4\Rightarrow(k-1)(g-1)+\nu_{2}[\frac{k}{4}]+\nu_{3}[\frac{k}{3}]+\frac{k}{2}t$
$k=$ odd $\geq 3\Rightarrow(k-1)(\mathit{9}-1)+\nu_{2}[\frac{k}{4}]+.\nu_{3}[\frac{h}{3}]+\frac{k}{2}u+\frac{k-1}{2}v$
. ($\mathfrak{M}_{1}(\Gamma)$ – .) $\Phi$ 2
,
$\Phi(\Gamma)=\frac{1}{(1-t^{a})(1-t^{b})}$
, ab $|24$ . $\Phi(t)$ $t^{2},$ $t^{3},$ $t^{4},$ $\ldots$
$\mathfrak{M}_{k}(\Gamma)$ , ($a,$ $b\rangle$ 1
(a) $\sim(\mathrm{f})$ . $(\mathrm{a})\sim(\mathrm{f})$
$\Gamma$ , – (f) $((a, b)=(1,1)$
) . , .
$\mathrm{A}_{\neg}$,
$\Phi(\Gamma)=\frac{1}{(1-t)(1-t)}=1+2t+3t^{2}+4t^{3}+5t^{4}+\cdots$










$(\#)$ $\Gamma\subset \mathrm{S}\mathrm{L}(2,\mathbb{Z})$ $\mathrm{S}\mathrm{L}(2,\mathbb{Z})$
. .
$\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{Z})/\overline{\Gamma}=\overline{X}$, $|\overline{X}|=12(=\mu)$ ,
$\mathrm{S}\mathrm{L}(2, \mathbb{Z})/\Gamma=X$ , $|X|=24(=2\mu)$
. ,
$X=\{1,2, \ldots, 12\}\cup\{1’, 2’, \ldots, 12^{l}\}$
’
$-1\in \mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $X$
$-1=(1,1’)(2,2’)\cdots(12,12’)$
. ,







$\overline{X}$ cycle $(n_{1})(n_{2})\cdots(n_{t}),$ $n_{1}+n_{2}+\cdots+n_{t}=\mu$




.) , , $\Gamma\subset \mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $(\#)$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$
$2\mu$ $S_{2\mu)}$ (X ) $G$
(i), $(\ddot{\mathrm{u}}),$ $.(\ddot{\mathrm{n}}\mathrm{i})$ (iv) $S_{2\mu}$
– – .
(i) $G=\langle\overline{\phi},\overline{\lambda}\rangle\subset C_{s_{\mathrm{z}}}(\mu(1,1’)(2,2’)\ldots(12,12^{;}))$
(ii) $\overline{\phi}^{2}=1,$ $\overline{\phi}$ $\overline{X}$ .
(iii) $\overline{\lambda}^{3}=1,$ $\overline{\lambda}$ $\overline{X}$ .
(iv) $\overline{\phi}\overline{\lambda}$ $\overline{X}$ 4 , $X$ 8
.
, $S_{24}$ $G$ $S_{24}$ 6
( ). $G$
$\Gamma$ $G$ $|G|$ . ( , $G$ $|G|$ –
)
4
$|G|$ 24 48 120 144 192 648
$\Gamma^{-}$
$\Gamma(3)$
$\Gamma(4)$ index 2 $\Gamma_{0}(8)$ $\Gamma_{0}(9)$
$\Gamma_{1}(5)\Gamma_{1}(6)$
index 2 index 2
,
$\Gamma_{0}(N)=\{\in \mathrm{S}\mathrm{L}(2,\mathbb{Z})|c\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\}$ ,
$\Gamma_{1}(N)=\{\in \mathrm{S}\mathrm{L}(2,\mathbb{Z})|a\equiv d\equiv c\equiv 0(\mathrm{m}_{1(}\mathrm{o}\mathrm{d}\mathrm{m}N)\mathrm{o}\mathrm{d}N)\}$ ,
$|G|=48$ $\Gamma$
$\Gamma=\{\in \mathrm{S}\mathrm{L}(2, \mathbb{Z})|b\equiv 0a\equiv dc\equiv 0(\mathrm{m}_{1}\mathrm{o}\mathrm{d}4)(\mathrm{m}\mathrm{o}\mathrm{d} )\equiv(\mathrm{m}_{2}\mathrm{o}\mathrm{d} 4)\}$
.
, 6 $\Gamma\subset \mathrm{S}\mathrm{L}(2, \mathbb{Z})$ , 2 weight
1 $\phi_{1},$ $\phi_{2}$ ,
$\mathfrak{M}(\Gamma)=\mathbb{C}[\phi_{1}, \phi 2]$
, $\phi_{1},$ $\phi_{2}$ . Hecke [5]
No. 24 ( ). ( ,
.) $\Gamma(3)$ $\Gamma_{0}(9)$ index 2 $\mathrm{S}\mathrm{L}(2,\mathrm{R})$
, $|G|=48$ $\Gamma$ $|G|=648$ $\Gamma_{0}(8\rangle$ index 2 $\mathrm{S}\mathrm{L}(2,\mathbb{R})$
. $\phi_{1},$ $\phi_{2}$ $|G|$ 192 648 , $|G|$ 24 48





$\tau\in \mathbb{H}$ , ternary self-dual codes $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\tau$ enumerabors
. (Ebeling [4] ). ,
$\mathrm{S}\mathrm{L}(2, \mathbb{Z})/\Gamma(3)\cong \mathrm{S}\mathrm{L}(2,\mathbb{Z}/3\mathbb{Z})=\langle\frac{1}{i\sqrt{3}}, \rangle\subset \mathrm{S}\mathrm{L}(2,\mathbb{C})$
,
$\mathbb{C}[x,y]^{\mathrm{s}\mathrm{L}(\mathrm{Z}}2,/3\mathrm{z})=\mathbb{C}[f, g]$ , $f(x, y)=x^{4}+8xy^{3})g(xy:)=x^{\epsilon}-20xy-833y6$
5
, $\phi_{1},$ $\phi_{2}$ $f$ $g$ $x,$ $y$ $E_{4}$ $E_{6}$
. , $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\phi_{1},$ $\phi_{2}$ 2
(automorphic factor ) $\mathrm{S}\mathrm{L}(2, \mathbb{Z}/3\mathbb{Z})$ . 24
(Shephard-Todd [16] No. 4) – .
\S 2.












, $\mathfrak{M}^{\frac{1}{2}}(\Gamma)=\mathbb{C}$ [$\emptyset 1$ , ], $\phi_{1},$ $\phi_{2}$ , , $\phi_{1}$ $\phi_{2}$
$\frac{1}{2}$ . (1) $\sim(6)$ .
$(\#\#)$
$- 1)$ $-1\not\in\Gamma$





$\Phi(\Gamma)=k\in \mathrm{Z}\sum_{\frac{1}{2}},(k\geq 0\dim \mathfrak{M}k(\mathrm{r}))t^{k}=\frac{1}{(1-t^{\frac{1}{2}})^{2}}$
$t$ .
, $1$ ) $\sim 6$ ) $\Gamma$ $(\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ ) , \S 1
. $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{Z})=\langle\phi, \lambda|\phi^{3}=\lambda^{2}=1\rangle$ 24
4) , $\Gamma$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$
191 ( ). , $|G|$ –
48, - $2^{23}|A_{24}|$ , . ,
$G$ . , $\Gamma$ . $|G|=48$
6




. ( , multiphher system .) , $\theta_{3}(2\tau))$
$\theta_{2}(2\tau)$ Jacobi theta , 1 $\sqrt{2}\mathbb{Z}$
$\ovalbox{\tt\small REJECT}_{2}^{1}+\sqrt{2}\mathbb{Z}$
$\overline{\tau}$ . ( , $\theta_{3}(2\tau),\theta 2(2_{\mathcal{T})}$ ,
$\Gamma(4)$ $\frac{1}{2}$ . , . (Ebehng
[4] ). , $\mathrm{S}\mathrm{L}(2, \mathbb{Z})\text{ _{}\theta_{3}(2_{T}}),$ $\theta_{2}(2_{\mathcal{T}})$ 2
(automorphic factor ) 96 (Shephard-Todd
[16] No 8) $H$ . , $H$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})/\Gamma(4)$ 2
.
$H= \langle\frac{1}{\sqrt{2}}, \rangle\subset \mathrm{S}\mathrm{L}(2, \mathbb{C})$
,
$\mathbb{C}\mathrm{f}^{x,y}]^{H}=\mathbb{C}\iota f,$ $g]$ , $f(x, y)=X+184xy+y448,$ $g(x, y)=X-33X^{8}y^{4}-33_{X^{4}}y+128y^{12}$
, $\theta_{3}(2\tau),$ $\theta_{2}(2\tau)$ $f$ $g$ $x,$ $y$ $E_{4}$
$\ovalbox{\tt\small REJECT}$ .
r , r , $\mathfrak{M}^{1}2(\Gamma)$




\S 2. , 2 $l$ .
, , $\frac{1}{l}\mathbb{Z}$ .
, mulfiplier system . ( [15]
). $\underline’$. , ,
$\mathrm{r}_{\mathfrak{M}^{1}}l(\Gamma)$ ?
.
, $\mathfrak{M}^{\frac{1}{l}}(\Gamma)=\mathbb{C}[\phi_{1_{)}}\phi_{2}],$ $\phi_{1},$ $\phi_{2}$ , , $\phi_{1}$ $\phi_{2}$









\S 1, 2 , $\Gamma$ $S_{24l}$ $G$
. $G$ , $l=1,2$ ,
$l\geq 3$ . ,
, . , r
genus $0$ . - , genus $0$ $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{Z})$
, , Mason [11] . ,
$\overline{\Gamma}(1),$ $\overline{\Gamma}(1)^{2},$ $\overline{\Gamma}(1)^{3},$ $\overline{\Gamma}(2),$ $\overline{\Gamma}(3),$ $\overline{\Gamma}(4),$ $\overline{\Gamma}(5)$ . ( , [11] .)
, $l=1,2$ , $\Gamma(3)_{1}\Gamma(4)$ . , $\Gamma(5)$ $l=5$
, $(\#\#\#)$ . - ,
, $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\Gamma(3))\Gamma(4),$ $\Gamma(5)$ , Klein
3 , . 3




(1) multiplier system ,
$\mathfrak{M}^{\frac{1}{\epsilon}}(\Gamma(5))=\mathbb{C}[\emptyset 1,$ $\phi_{2}1$
. , $\phi_{1)}\phi_{2}$ ( multiplier system ) weight $\frac{1}{5}$ $\Gamma(5)$
, . , $\mathbb{C}[\phi_{1}, \phi_{2}]$
(2) $\phi_{1},$ $\phi_{2}$ 2 ( $\mathbb{C}$ ) , $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$
(automorphic factor ) 600 (Shephard-Todd No.
16) $G_{600}$ . ( , $G_{600}$ $\mathrm{S}\mathrm{L}(2,$ $\mathbb{Z})/\Gamma(5)$ 5 . )
(3) (2) 600 $G_{600}$ 2 $\mathbb{C}[x, y]$
$\mathbb{C}[x, y]c_{\epsilon 0}0$ 20 30
. ( Klein [7], Shephard-Todd [16] .)
$f(x, y)=x^{20}+y^{20}-228(xy-X^{5}y^{1})155\mathrm{S}+494x^{10}y10$ ,
$g(x, y)=x^{30}+y^{30}+522(x^{255}y-x^{52}y)5-10005(xy^{\iota 0}20+x^{10}y^{2})0$ .
, (1) $\text{ }\phi_{1},$ $\phi_{2}$ .
$f(\phi_{1}, \phi 2)=E_{4}$ ,
8
$g(\phi_{1}, \phi_{2})=E_{6}$ .
( $E_{4},$ $E_{6}$ Eisenstein series)
, , $(\#\#)$ $\phi_{1)}\phi_{2}$ .
, , Klein [7] 146





, $(\#\#)$ . ( , $(\#\#)$ $\phi_{1}$ ,
. $\phi_{1},$ $\phi_{2}$ .
, $\phi_{1},$ $\phi_{2}$
. , Yang-Baxter ([14] ), Rogers-Ramanujan (Andrews [1]
). [19] .
12 .
, . (2) ,
, $\phi_{i}(-\frac{1}{\tau}),$ $\phi_{i}(\tau+1),$ $i=1,2$ , ,
, . (1) $\phi_{1},$ $\phi_{2}$ $\Gamma(5)$ weight $\frac{1}{5}$ $-$.
$\text{ }p_{\mathrm{a}}\text{ }\overline{-}i\mathrm{E}8\mathrm{f}\mathrm{l}$
$\mathrm{m}\mathrm{u}1\mathrm{t}\mathrm{i}\mathrm{p}1\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{y}\mathrm{s}\{\mathrm{e}’ \mathrm{m}\mu_{l3}:l\overline{\hslash}^{\vee}\mathrm{J}\text{ }\mathrm{a},*\text{ _{ }}\mathit{0}$
)
$\iotaarrow \tex { arrow\triangleleft\mathrm{B} backslash l^{ athrm{a}}\mathrm{B}1\supset t3:l\mathrm{a}fx\text{ _{}\mathrm{L}}\text{ }\gamma\sim,\text{ }\mathrm{A}\mathrm{a}-\grave{y}\mathrm{B}\backslash$
,
$\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\frac{1}{\beta}\text{ }:\epsilon^{\backslash \backslash }\neg\sqrt \text{ }.-\backslash \backslash \backslash \text{ ^{}arrow}.$’ \nearrow \acute ---\acute -\Xi x\mbox{\boldmath $\lambda$}\check \yen #3i $\text{ }4larrow\sim$
, $\dot{1}999$ 3 , multiplier system
multiplier system ,




multiplier system 5 . (
.)




$\text{ ^{}(}\text{ ^{})}$ .( $\mathrm{r}$
2





, (a) , .
, $\mathfrak{M}(\Gamma)=\mathbb{C}[\phi_{1}, \phi_{2}]$ , $\Gamma$
$\tilde{\Gamma}$ , $\mathfrak{M}(\tilde{\Gamma})$










$\mathfrak{M}^{\frac{1}{\tau}}(\mathrm{r}(7))\cong \mathbb{C}[\phi 1, \phi_{2}]\oplus \mathbb{C}\iota\phi_{1,\phi 2}]\eta$
weight $\phi_{1}=\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}$ $\phi_{2}=\frac{1}{7}$ ($\phi_{1},$ $\phi_{2}$ ), weight $\eta=\sim 47$
$\Gamma(7)$ . (
.) $\Gamma$ weight $\frac{1}{l}.\text{ _{ } _{ } }$ ,
$\mathfrak{M}^{\frac{1}{l}}(\Gamma)$ , .
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